In this paper, we consider the gradient estimates for a positive solution of the nonlinear parabolic equation ∂ t u = t u + hu p on a Riemannian manifold whose metrics evolve under the Ricci flow. Two Harnack inequalities and other interesting results are obtained.
Introduction
We continue to consider the gradient estimates for nonlinear partial differential equations after our previous works [8, 9] . Let where t stands for the Laplacian of g(t), h is a function defined on M × [0, T ] which is C 2 in x and C 1 in t , and p is a positive constant. When metrics are fixed, the study on the gradient estimates of (1.2) arose from [4] . If p = 1, Bailesteanu, Cao and Pulemotov [1] derived the gradient estimates and the Harnack inequalities for the positive solutions of the linear parabolic equation ∂ t u = t u under the Ricci flow. In this paper, we consider the general case for the nonlinear parabolic equation. Notice that the t depends on the parameter t , and we should study the equation (1.2) coupled with the Ricci flow (1.1). The formula (1.1) provides us with additional information about the coefficients of the operator t appearing in (1.2) but is itself fully independent of (1.2). We introduce notions used throughout this paper. Let B ρ,T = {(x, t) ∈ M × [0, T ] : dist t (x, x 0 ) < ρ}, where dist t (x, x 0 ) denotes the distance between x and a fixed point x 0 with respect to g(t). ∇ t and | · | t stand for the Levi-Civita connection and norm with respect to g(t) respectively.
Theorem 1.1. Suppose that (M, g(t)) t∈[0,T ] is a solution to the Ricci flow (1.1) on an n-dimensional compact manifold M with −K 1 g(t) ≤ Ric g(t) ≤ K 2 g(t)
for some K 1 , K 2 > 0 on B 2R,T , and K = max{K 1 , K 2 
}. Let h(x, t) be a function defined on M × [0, T ] which is C 2 in x and C 1 in t , satisfying t h ≥ −θ and |∇ t h| t ≤ γ on B 2R,T × [0, T ] for some constants θ and γ . If u(x, t) is a positive smooth solution of (1.2) on M × [0, T ], then
(i) for 0 < p < 1, we have
3)
where C 1 is a positive constant depending only on n and (ii) for p ≥ 1, we have
where k > p, C 2 is a positive constant depending only on n and
As an immediate consequence of the above theorem we have 
for some positive constant C 1 depending only on n, where 
for some positive constant C 2 depending only on n. 8) for some positive constant C 4 depending only on n.
Another type of Harnack inequality is the following
for some positive constant C depending only on n.
We require the restriction 0 < p ≤ 2n 2n−1 and n ≥ 3 for a technical reason. In [4] , the restriction is 0 < p < n n−1 . When the metric evolves by the Ricci flow, additional terms in the computation lead to the above restriction 0 < p ≤ This theorem has three important consequences.
for some positive constant C depending only on n, where ( 
for some positive constant C depending only on n, where
Auxiliary lemmas
Suppose u is a positive solution of (1.1). As in [4] , we introduce a new function
where q is a positive constant to be determined later. For convenience, we always omit time variable t and write Q t for the partial derivative of Q relative to t . For example, throughout this paper, , ∇, | · | mean the correspondence quantities with respect to g(t). Write
A simple computation shows that
The relation (2.1) yields
and hence
From the equation (1.1), we have 
Here α, β are two positive constants to be fixed later.
Lemma 2.1. Suppose that (M, g(t)) t∈[0,T ] is a complete solution to the Ricci flow (1.1) on an n-dimensional manifold M. If u is a positive solution of (1.2), then
Proof. Calculate
Then we conclude that
Since g ij evolves under the Ricci flow (1.1), it follows that
can be simplified by the above formula and (2.4) as
Plugging it into (2.9) yields
Similarly, we can find the evolution equation of (2.5).
Lemma 2.2. Suppose that (M, g(t)) t∈[0,T ] is a complete solution to the Ricci flow (1.1) on an n-dimensional manifold M. If u is a positive solution of (1.2), then
where ∈ (0, 1] is any given constant.
Proof. Compute
Simplifying F 0 yields
On the other hand, the time derivative of F 0 equals
From (2.11), (2.12) and the Ricci identity
Plugging (2.5) and
into (2.13), we arrive at
Therefore (2.10) follows by Hölder inequality. 
Then for all ∈ (0, 1] we have
(2.14)
Two special cases
The first special case of (2.14) is to choose
Then qβ − α = 0 so that (2.14) becomes
Recall the inequality 
By (2.3), we get
Because of the assumption α = kq 2 /p, we arrive at
Substituting (3.5) into (3.4), we obtain The second special case is to choose
Lemma 3.1. Suppose that (M, g(t)) t∈[0,T ] is a complete solution to the Ricci flow (1.1) on an n-dimensional manifold M. If u is a positive solution of (1.2), then
Then (2.14) becomes
For any positive real numbers a, b with a + b = q/2α = p/2q, we have 2
Substituting this identity into (3.9) yields
The last term is bounded from above by (where we assume that h is nonnegative)
for any given η > 0. Therefore
We impose conditions on positive real numbers p, q, a, b, so that a desired inequality will be obtained. Recall that a + b = p/2q. Firstly, we assume
However, the inequality makes sense only when 2aq − n(p − 1) > 0, i.e.,
We have two cases:
and
For the first case, from (3.11), we have
from (3.13), we have
using the fact that n−2 n−1 ≥ 1 2 for any n ≥ 3. Therefore, we can conclude that (3.12) and (3.14) ⇒ the coefficients of the last three terms on the right-hand side of (3.10) are all nonnegative (3.16) provided that
Finally, we consider the second case where 0 < p ≤ 1. In this case, we require the condition
instead of (3.11). Then 2 n
We similarly obtain (3.15) and (3.17) ⇒ the coefficients of the last three terms on the right-hand side of (3.10) are all nonnegative (3.18) provided that
The statements (3.16) and (3.18) immediately imply the following (3.12) and (3.14) (then we choose 0 < η ≤ p−1 2p ), or (3.15) 
Lemma 3.2. Suppose that (M, g(t)) t∈[0,T ] is a complete solution to the Ricci flow (1.1) on an n-dimensional manifold M. Let h(x, t) be a nonnegative function defined on M × [0, T ] which is
(ii) 0 < ≤ 1; (iii) a + b = p/2q; (iv) either
and (3.17) (then we choose
then at the point (x 0 , t 0 ) we have
Gradient estimates and some relative results
In this section, we will use previous lemmas to get the gradient estimates for the positive solution of the equation (1.2) under the Ricci flow.
Theorem 4.1. Suppose that (M, g(t)) t∈[0,T ] is a solution to the Ricci flow (1.1) on an
where C 1 is a positive constant depending only on n and
(ii) for p ≥ 1, we have
Proof. The proof is along the outline in [1, 4, 5] . Firstly, we introduce a cut-off function (see [3, 1, [5] [6] [7] ) on B ρ,T := {(x, t) ∈ M × [0, T ] : dist t (x, x 0 ) < ρ}, where dist t (x, x 0 ) stands for the distance between x and x 0 with respect to the metric g(t), which satisfies a basic analytical result stated in the following lemma. 
is decreasing as a radial function in the spatial variables. 
at (x 0 , t 0 ). Now applying Lemma 4.2 and the Laplacian comparison theorem, we have
where C 1/2 , C and d 1 are positive constants depending only on n. It is easy to show that
at (x 0 , t 0 ). Setting p ∈ (0, 1) and k = 1 in Lemma 3.1, we obtain from 2ϕ = t2F − ϕ/t that
where γ is an upper bound for |∇ t h| defined in Theorem 4.1. According to Hölder's inequality, 2qγ tW
(4.5)
Take ∈ (0, 1/4) and choose q so that 1/q ≥ n(1 − )/2 2 (1 − p). For such a pair (p, q), we may choose a positive real number a such that aq/p ≥ 2 and then the condition a + b = p/q holds for some b > 0 (because in this case 0 < aq/p < 1). Under the above assumption, we have
which implies the following inequality
The mentioned choices of , p, q, a, b now imply
Plugging (4.6) into (4.3) and using the estimate for 2 and the equation 0 = ∇G = ∇ϕ +ϕ∇ at (x 0 , t 0 ), we arrive at, where ρ := 2R,
2 are positive constants depending only on n, and
Multiplying the above inequality by on both sides, we get, where
Using Hölder's inequality
the inequality (4.7) gives us the estimate (because t ≤ τ )
for some positive constant d 3 depending only on n. The elementary inequality Choose p, , q as above and
The additional condition (4.9), plugging into the inequality for G, yields 
